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We discuss an integrable model describing one-dimensional electrons interacting with two-
dimensional anharmonic phonons. In the low temperature limit it is possible to decouple phonons
and consider one-dimensional excitations separately. They have a trivial two-body scattering matrix
and obey fractional statistics. As far as we know the original model presents the first example of
a model with local bare interactions generating purely statistical interactions between renormalized
particles. As a by-product we obtain non-trivial thermodynamic equations for the interacting system
of two-dimensional phonons.
The concept of fractional exclusion statistics was intro-
duced by Haldane in 19911 and since then there has been
a continuous interest in this subject (see, for example3–5).
In the ideal case of a ‘quantum gas of non-interacting
particles satisfying fractional exclusion statistics’ (the
Abelian one) the number of states Qa of particles of
species a linearly depends on numbers of occupied states
of particles of species b, Nb with the same energy:
∂Qa/∂Nb = −Gab
where Gab is a matrix of statistical interactions. As has
been demonstrated by many authors,2 the thermody-
namics of such an ideal gas of anyons is described by
the set of equations
ǫa(E) +GabT ln[1 + e
−ǫb(E)/T ] = E (1)
F/L = −T
∑
a,E
ln[1 + e−ǫa(E)/T ]
It has been emphasised by different authors, most re-
cently by Frahm5 and Bouwknegt and Schoutens4 that
integrable systems in (1+1)-dimensions represent natu-
ral realizations of all sorts of exotic Abelian and even
non-Abelian exclusion statistics (the latter ones are not
discussed in this paper). This follows from the fact
that creation and annihilation operators of renormal-
ized particles in these systems satisfy commutation re-
lations which explicitly depend on the two-particle S-
matrix (the Zamolodchikov-Faddeev algebra) being thus
neither bosonic nor fermionic:
Z+a (θ1)Z
+
b (θ2) = S
a¯,b¯
a,b(θ1 − θ2)Z
+
b¯
(θ2)Z
+
a¯ (θ1) (2)
Za(θ1)Z
b(θ2) = S
a,b
a¯,b¯
(θ1 − θ2)Z
b¯(θ2)Z
a¯(θ1)
Za(θ1)Z
+
b (θ2) = S
b¯,a
b,a¯(θ2 − θ1)Z
+
b¯
(θ2)Z
a¯(θ1) + δ(θ1 − θ2)δ
b
a
Here the operators Z+a (θ) and Za(θ) create (annihilate)
the state with rapidity θ and isotopic number a (recall
that rapidity is a relativistic parametrization of energy
and momentum E = m cosh θ, P = m sinh θ; for simplic-
ity we shall discuss only Lorentz invariant models, but
the results have more general validity).
Unfortunately, most known integrable models are not
good pedagogical examples of the effects of exclusion
statistics because they describe interacting anyons ,
where the interaction derives from a momentum depen-
dent S-matrix. This is why the free energy in these
theories is described by a complex system of nonlinear
integral equations which in general, cannot be solved in
closed form. The S-matrix in this models becomes purely
elastic only at high momentum:
S b¯,a¯b,a(θ)→ δ
a¯
aδ
b¯
b exp[−iπsignθGab], (|θ| → ∞). (3)
A model where this helds at all rapidities, would be an
ideal gas of anyons. Examples of such models known
so far involve long-range interactions (for instance, the
Haldane-Shastry spin-chain6; see also the discussion in3).
In this paper we provide an example of an integrable
model with local interactions where the two-body S-
matrix of physical particles has the form (3) from the
very start. We study a limiting case of an integrable
model first suggested by Fateev7 . The model describes
a one -dimensional sea of interacting fermions, coupled
to a two dimensional bath of anharmonic phonons. The
Hamiltonian density has the following form:
H = He +Hp +HI , (4)
where
He =
−iR+∂xR+ iL
+∂xL+ (2g/π)R
†RL†L− µ(R+R+L+L)
describes a one dimensional electron gas of right (R),
and left-moving (L) fermions (“Thirring model”) with
the chemical potential µ, and
Hp =
1
2
N∑
n=1
{P 2n + (∂xφn)
2}+ (m/β)2
N−1∑
n=1
eβ(φn+1−φn)
+
1
2
(m/β)2[e2βφ1 + e−2βφN ], (5)
1
where [Pn(x), φm(y)] = −iδnmδ(x− y), describes N par-
allel chains coupled to each other by an anharmonic
nearest-neighbour interaction , (“Toda lattice”), and
HI = m(R
†L + L†R)eβφ1
describes the coupling between the two-dimensional
phonon gas and the Fermi sea. The pure fermionic
Hamiltonian corresponds to the massive Thirring model
which is one of the first integrable models known and has
numerous applications in condensed matter physics. ß
In the limit β << 1 one can expand in β. In the limit
N → ∞ the phonon spectrum becomes continuous two-
dimensional with the dispersion law given by
ω2(p) = p2x +m
2 sin2(πpy/2) (6)
As we shall see this form of dispersion remains robust
at any β. We shall be interested in the case when
ǫF = µ − M > 0 when there are charged particles in
the ground state. It turns out that in this case phonons
decouple and one can study the remaining edge excita-
tions separately. In terms of the original fermions the
corresponding effective action describes one-dimensional
fermions interacting by a phonon-mediated interaction
non-local both in time and space. For instance, in the
leading order in β we have
<< eβφ1(τ,x)eβφ1(0,0) >>= −
β2
4π(τ2 + x2)3/2
(7)
The exact solution gives the most illuminating results
for thermodynamics demonstrating that true edge excita-
tions are ideal anyons. Namely, there are two oppositely
charged particles realizing Haldane’s exclusion statistics.
Particles with the same charge scatter with phase shift g,
whilst particles with opposite charge scatter with phase
shift π − g, such that
G =
(
g/π 1− g/π
1− g/π g/π
)
(8)
We would like to mention here an amusing feature of
model (4): under the transformation
g → π − g, (β → 4π/β) (9)
the fermionic part of model (4) transforms into a non-
linear sigma model of a single complex bosonic field and
the phonon part is transformed into a Toda chain with
N − 1 sites (one site shorter) so that the corresponding
Lagrangian density becomes, according to Fateev7,
L =
1
2
∂tχ
∗∂tχ− ∂xχ
∗∂xχ
1 + (β/2)2χ∗χ
−
m2
2
|χ|2eβφ1
+
1
2
N−1∑
n=1
{(∂tφn)
2 − (∂xφn)
2} − (m/β)2
N−2∑
n=1
eβ(φn+1−φn)
+
1
2
(m/β)2[eβφ1 + e−βφN−1] (10)
Therefore a weak coupling limit of the fermionic model
is dual to the strong coupling limit of the bosonic model
(10) with N − 1 sites and vice versa. This duality is re-
produced in our results serving as a check for correctness
of the exact solution. The duality was obtained by Fa-
teev in essentially nonperturbative way and it remains
unclear at the moment how to relate the fields of model
(10) to the original fermions and bosons.
Let us recall the relevant results from (7). The spec-
trum consists of a charged particle (with the correspond-
ing anti-particle) of mass M and N − 1 neutral particles
with masses
Ma = 2M sin(πa/2N), a = 1, 2, ...N − 1. (11)
where M is related to the bare mass m. The latter ex-
citations are particle-hole bound states. It is very easy
to establish a connection between these particles and the
phonons of the Toda lattice: the above spectrum is re-
produced in the limit β → 0 when the phonons become
harmonic (see Eq.(6). It is a well known fact in the theory
of Toda models that the exact spectrum coincides with
the one obtained in the harmonic approximation (see, for
example,8,9,10; see also11 for general discussion of ther-
modynamics of theories with elastic S-matrices). The
scattering is purely elastic (all S matrices are diagonal in
isotopic indices).
The Thermodynamic Bethe Ansatz (TBA) equations
for models with elastic scattering has the following stan-
dard form (see11 for a review). The free energy of the
system of length L is given by
F/L = −T
∑
a
ma
2π
∫
dθ cosh θ ln[1 + e−ǫa(θ)/T ] (12)
where the excitation energies are determined from the
following nonlinear integral equations:
T ln[1 + eǫn(θ)/T ]− (αδnm +Gnm) ∗ T ln[1 + e
−ǫm(θ)/T ]
= mn cosh θ (13)
Gnm(θ) = −
1
2πi
∂ lnSnm(θ)
∂θ
where α = 1 for fermions and α = 0 for bosons (that is
for the neutral bound states) and the star denotes con-
volution:
G ∗ f(θ) ≡
∫ ∞
−∞
G(θ − θ′)f(θ′)dθ′
From Ref.7 we obtain the following expressions for the
Fourier transformations of the kernels:
Gab(ω) =
4 sinh(gω/2N) sinh[(π − g)ω/2N ]
sinh(πω/2N)
×
cosh[(N −max(a, b))πω/2N ] sinh[(min(a, b)πω/2N ]
cosh(πω/2)
2
Ga,+(ω) = Ga,−(ω) =
2 sinh(gω/2N) sinh[(π − g)ω/2N ]
sinh(πω/2N)
sinh(aπω/2N)
cosh(πω/2)
G++(ω) = G−−(ω) =
−
4 sinh(gω/2N)
sinh(πω/2N)
cosh[(π(N − 1) + g)ω/2N)
cosh(πω/2)
,
G+−(ω, g) = G++(ω, π − g) (14)
where “+” and “-” stand for particle and anti-particle
and “a,b” label phonon branches.
In the limit N →∞ the system (13) undergoes a dras-
tic simplification. In particular, we get
G++(ω) = −g/π,G+−(ω) = −(1− g/π) (15)
that is the kernels in the TBA for the ψ-particle and
antiparticle become delta functions.
Another important fact is that in this limit the
phonons decouple from the TBA equations for “+,–” and
can be analyzed separately. To pass to the N →∞ limit
we introduce a continuous variable y = a/N and replace
summation over a, b by integration over y:
∑
a
→ N
∫ 1
0
dy
Eqs.(13) become
T ln[1 + eǫ±(θ)/T ]− (1− g/π)T ln[1 + e−ǫ±(θ)/T ]
+(1 − g/π)T ln[1 + e−ǫ∓(θ)/T ]
= M cosh θ ± µ
+ T
∫ 1
0
dy
∫
dθ′K+(y, θ − θ
′) ln[1 + e−ǫ(y,θ
′)/T ] (16)
where the Fourier transform of the kernel is
K+(y, ω) = 2g(1− g/π)ω sinh(yπω/2)/ cosh(πω/2)
and
T ln[1 + eǫ(y,θ)/T ]
− T
∫ 1
0
dy′
∫
dθ′K(y, y′; θ − θ′) ln[1 + e−ǫ(y
′,θ′)/T ]
= 2M sin(πy/2) cosh θ (17)
where
K(y, y′;ω) = 4g(1− g/π)ω×
cosh[π(1−max(y, y′))ω/2] sinh[πmin(y, y′)ω/2]
cosh(πω/2)
Note that terms with ǫ± are absent in the last equation,
as expected in the large-N limit where the fermions pro-
vide a small boundary effect on the phonons giving a
O(1/N)-correction to their thermodynamics.
Eq.(17) is further simplified in the most interesting
limit
M/N ≪ T ≪M (18)
where only the region y ≪ 1 contributes to the thermo-
dynamics. Defining the new scaling variable ξ = πyM/T
we get
ln[1+eǫ(ξ,θ)/T ]+γ
∂2
∂θ2
∫ ∞
0
dξ′min(ξ, ξ′) ln[1+e−ǫ(y
′,θ)/T ]
= ξ cosh θ (19)
where γ = 2g(π − g)(T/πM)2.
This equation together with the expression for the free
energy
Fphon/NL = −
T 3
2π2M
∫ ∞
0
dξξdθ cosh θ ln[1 + e−ǫ(ξ,θ)/T ] (20)
describes the continuous limit of the (2 + 1)-dimensional
Toda array. As far as we know such limit has never been
described before. It follows from Eqs.(19,20) that tem-
perature enters into ǫ/T only through γ and therefore
Fphon/NL = −
T 3
M
Y
[
2g(π − g)(T/πM)2
]
(21)
where Y (γ) is a smooth positive function allowing reg-
ular expansion in γ. This result is valid in all powers
of the bare coupling constant β; being dependent on
g(π − g) = 4π3(4π/β + β)−2 it is manifestly self-dual
under transformation (9).
Eqs.(19,20) can be studied by iterations in γ. For this
purpose it is convenient to introduce the quantity
E(ξ, θ) = ln[1 + eǫ(ξ,θ)/T ]
such that these equations become
E(ξ, θ)−γ
∂2
∂θ2
∫ ∞
0
dξ′min(ξ, ξ′) ln[1−e−E(ξ
′,θ)] = ξ cosh θ
Fphon/NL =
T 3
2π2M
∫ ∞
0
dξξdθ cosh θ ln[1− e−E(ξ,θ)] (22)
In this formulation it is absolutely clear that in the limit
g → 0, π the Toda array becomes equivalent to the free
(2+1)-dimensional bosonic field and that the phonon free
energy allows a regular expansion in γ ∼ T 2. Indeed, the
substitution px = Mξ sinh θ, py = Mξ brings Eq.(22) to
3
the familiar form of the free energy of two-dimensional
acoustic phonons. The first terms in the expansion in γ
are
Y (γ) =
1
π
ζ(3) +
3γ
2π2
∫ ∞
0
ydy
ey − 1
∫ y
0
x2dx
ex − 1
+O(γ2) (23)
Further we shall be interested in the case when chem-
ical potential overcomes the gap M and there is a finite
density of charge in the ground state. In this case the
fermionic free energy is expanded in powers of (T/ǫF )
where ǫF ≈ µ −M is the Fermi energy. In comparison
with fermions two-dimensional phonons give extra small
factor T/M . Different temperature dependences of the
fermion and phonon sectors allow one to consider them
separately.
To illustrate this point let us consider T the last term
in the right hand side of Eq.(16). At T ≪M it becomes
Σ(θ) = Tγ
∂2
∂θ2
G(θ, γ) ∼ T 3
G(θ, γ) =
π
16
∫
dξξ
∫
dθ′[cosh(θ − θ′)]−1 ln[1− e−E(ξ,θ
′)] (24)
and can be treated as a thermal renormalization of the
particles dispersion. We shall omit it together with renor-
malization of the fermion free energy coming from polar-
ization of the host - the latter term being of order of T 3
in comparison with T 2-contribution coming from the 1D
particles.
After these simplifications the effective TBA for the
fermions become
ǫ+(θ) + (g/π)T ln[1 + e
−ǫ+(θ)/T ]
+(1− g/π)T ln[1 + e−ǫ−(θ)/T ] = M cosh θ − µ (25)
ǫ−(θ) + (g/π)T ln[1 + e
−ǫ−(θ)/T ]
+(1− g/π)T ln[1 + e−ǫ+(θ)/T ] = M cosh θ + µ (26)
with the free energy equal to
F/L = −T
∑
a=±
M
2π
∫
dθ cosh θ ln[1 + e−ǫa(θ)/T ] (27)
These equations coincide with the general equations for
particles with exclusion statistics (1) for the particular
choice of the matrix Gab given by (8) (the fact that exclu-
sion statistics exists in this model has been first pointed
out in12). As an illustration we give their explicit solu-
tion for g/π = 1/2 and T << M :
F/L = −T
M
π
∫
dθ cosh θ ln
[
1
2
e−ǫ0(θ)/T +
√
1
4
e−2ǫ0(θ)/T + 1
]
(28)
where ǫ0(θ) = M cosh θ − µ.
In summary, we have found a relatively simple and
realistic model which turns out to be a model of ideal gas
of particles obeying exclusion statistics. As a byproduct
we have written down equations for the free energy of
two-dimensional model of anharmonic phonons. As we
have pointed out in the introduction, one purpose of this
excersise is pedagogical. It has been pointed out many
times (for instance, in4,13), that the ideal anyon gas in
one dimension is just a generalization of Luttinger liquid
for non-linear quasi-particle dispersion thus having many
properties common with Luttinger liquids. On the other
hand, analysis of such physical processes as transport
looking rather complicated in the standard bosonization
approach is greatly simplified in the anyon gas formalism
(see13). We believe that the model discussed in this paper
will be valuable for such analysis. We also emphasise that
the model discussed is the first example of a solvable
model with electron-phonon interaction.
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